B.E.(M.D.U))
FirssSemester Examination,2008-09

M athematics-1 (Math1)

Note : Attempt five questions in all, selecting two questions from each part.

Part-A
Q. 1. (a) Test the convergence of the series :
2 3 4
1 2 3 4
T Tt thral nrul SR o0
22 337 447 55
Ans, L.eaving aside the first term
n" /:" _ I
- 1 el - 1 nel T 1 n+l
(n+1) n' Ll+ ) n(l+ )
4 4
. ]
Take Uy =7
1, ] 1 1
Lt —= [t — = Lt - % —
n->wVy n-—)o’)( 1yt o, 5'@( 1\” ( 1)
e 1+
*4) UTe) U4
11
=X
1

[ no
which is finite & non-zero L Lt (l+ Z] =¢!

n—»w _J

. ! 1 1
%u, and v, converge or diverge together since Xv, =E is of the form Zﬁ with p=1
Ly, is divergent = Zu,, is divergent.
Q 1. (b) Examme the convergence or divergence of the following series :
2 4 6
1 x x x

e e e (x>0
2ﬁ+3ﬁ+4\f3+5'~/2+ == 0)

X2 A4
Ans. ”\/, 3\/— 4\/~ ......
2n~2 .x2”
Here i, = (”+ ”\/— ‘ Ut =m‘5)—\7_—n_—_:1'

”
Uy (rl+2)\/n+1 1 ‘+4 / 1 1
o x5 T\
My (n+ l)\/" X

4
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1, 1

Lim 3
n—>oVyey x

|
By D’Alembert’s ratio test Zu,,-converges if — >1
X

1
ie, x2 <land diverges if — >1li.e, x2>1
X

1 1

Wwh ' 2., = =
en x Uy (H+l)\/;; 3”2( l)
n I+
4
Tak . Lim % = ! 1
ake vn—”}2 s _I’mwvn ( 1)..
1+4'

which is finite and non-zero. By comparison test Zu,, is convergent.

Here Zu,, is convergent if x? <land divergent if x2>1

Q. 1. (¢) For what values of x the following series is convergent :
VTR |

x———ﬁ+—\/§—~\/—2—+.

Ans. The given series is

u, = - —=
n=1 ! n=1 ( ) ‘/;

| <" _lxl" "
Since l“n == \/— \/— and (), )="7—== ‘/—1
l“nl "+ __l_
fet0s) l lx' lxl
l, | _~
n—o ity x|

. . . R B
By ratio test, the series L |u,{ is convergent if —>1, i.e, if |x|<lie, if ~1<x<1 and

{xl

1
divergent ifl—~ <lie.,|x[>1lie, if x>lorx<—1

x|
But ratio test fails when |x|=1 5 ie,whenx=lorx=-1
Wh ith ies b 1 : ] :
en x = 1the series becomes {~~=+—7=~—7=+......
2 3 V4
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which is alternating series and is convergent when x =- 1, the series become
S

g ) -2 7

which is dlvergent by p-test.
Hence the series is convergent if - 1<x <1

n
Q. 2. (a) Expand sin x in powers of (x— E). Hence find the value of sin 91° correct to 4 decimal

places,

' G+3)
Ans, f(x)=sinx=f +x—2

o} A

f[ +h)whereh X -

:f[%J+/¢'(L“)+%f"(E)+%3T (%)+ (1)

2
fey=sinx, | f(%)=| ‘
£ (x)=cos x P @:0

f' (x)==sin x fu(%)zl
£ (ry=—cosx fm(%):o

FOD (x)=sin x f«v)(%):,

From equation (1)

(- (s3] (53 @e(e-5) g
f(x)—-+x—2()+x—2 ><2!(—)+,\—3 (0)+x—4 x4!

f/(9l)=f(7-;—+l) h=1

sin 91°=0-9998
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2 2
Q. 2. (b) Show that radius of curvature at the end of the major axis of the ellipse <5t ;2* =1is
a

equal to the semi-latus rectum.
Ans. Any point (x, y)on the ellipse

x2 2

y .
—5 + =5 =1is (acosB, bsinb
a2 b2 ( )

Parametric equation of the ellipse also

x=acos6, y=bsin @
x'=—asin§, Y =bcos8
x'""=-acosH, y '=-bsin®
Sat ._9,=(x'2 +y.2 )3/2 =(a2 Sinz 9+b2 C052 9)3/2
XY=y X absin? 8+abcos? 6

(a2 sin? 8+ 52 cos? 6)3/2

ab
At the ends of major axis
0=0,%
PRSI CIOLT N
ab ab
[)2
T a

=Semi latus rectum of ellipse
Q. 2. (c) Find the asymptotes of the curve
y3 «xyz -Xx y+x1 +X -yz =0
Ans, y3 -xy2 —chy+x3 +x? ~-y2 =0 1)
Since the coefficients of x> and y3 the highest degree terms in x and y are constants, there are no

asymptotes parallel to x axis and y axis. To find oblique asymptotes putting x =1 y=m in third, second & first
degree in equation (i)

¢ 3(m)=m' ~m?—m+1

. $ 2(m)= 1-m?

¢ 1 (m)=0
The slope of asymptotes are roots of ¢ 5 (m)=0
m> —m? ~m+1=0

m=1tl

m=-1
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~¢ o (m) —(l—mz)
C= =
¢ 3" (m) 3m% ~2m—1

—1-1
'3+2-1“0
y=mx+c
yv=-=1x = y+x

For repeated value of m=1
2

3037 (m)+ch 3’ (n)+4 1 (m)=0

2
('2* (6m—2)+c(-2m)+0

02
7(4)—2(7:0
2% ~2c=0
2 (c-1)=0
c=0, c=1 y=mx+c
y=le+0
y=lr+1
Q.3. @Ir¥=x*+y2+7% and V=r™, prove that V,, +Vy +V, =m(m+1)r™ 2,
Ans. rt=x? ey 42 V=™

m-2
Ve + V),_\, +V,=m(m+1l)r

Here V=r™ =(x2 +y2 +z2 ):11/2
m {
m -
Vy =5(x2 +y2+z2)? 2
1711-»2
=mx(x2 +y2 +32) 2

m-12 m-2 ']

- m-~2
Vi =ml (XZ +)’2 +32) 2 +x( 5 )(-\’2 +y2 +Zz) 2 le

r

r m~-2 '",—4—]
=m[(x2+y2+22) 2 +(m—2)x2(x2+y2+z2) 2 J

= m [r'"_2 +(m~2),vr2 (r)m_4] (D)

For more study material Log on to http:/www.ululu.in/



Similarly Vyy =mlr m-2 (m=2)y% r"" 4 ] -2

sz =m[rm—2 +(lﬂ“‘2)22 rm—4] (3)
Equations (1) + (2) + (3) gives
Ve +Vyy + Vi =m 3" 2 4 (m=2) ¢ " ) +y? 422

s

=m[3rm_2 +(m~2)r'"'4 r2]
=m[3rm—2 +(m-2)r'"-2]

= mr™ 2 (34 m~2]

Vee +Vyy +Vy, = m(m+1)r™ 2 Hence Proved

3 3

gy x ty

. 3. (b) If u=tan 1( ) rove that
Q.3.(b) (x—y )P

x20%u » o%u yzazu 2 cos 3u si
+ =
7+ xyaxay ay2 cos3usinuy

ox

x> +y3 x3 (l+y3 /x3)

Ans. Here, Let z=tan u= ey T x(—yn) =x% f (y/x)
which is homogeneous of degree 2
By Euler’s Theorem
oz 0Oz
x 5; +ya =2z

3 0
= . x - (tanu)+y7 (tanu)=2tanu

ox dy
= xseczugﬁ+y’sec2u@£=2tanu

Ox Oy
Ou Ou 2tanu 2sinu 2
= xa»{-yé;:;é:fu*: cosu XCOS™ u
- Ou Ou ) .
x5;+y5;=25mucosu=sm2u (1)
Di/fferentiating equation (i) wrt x =~ -
8%u ou 0%u Ou

xaxz +'a—;+y5;é;=2cos2u5y‘ .(2)

Differentiating equation (i) wrt y '
62y o*u ou Ou
xaxay+y—a;—2—+—a}-=2coshé; ..(3)
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Apply equations (2} x x+(3)x y

22 a2, O o o
Tl Y a2 T Paay T ey
[ ou  oul
=2 — — ;
-cosZuLx 8x+y6y_l . (4)
Using equation (4)
Zau 262u+ azu'+sin2¢—2 2usin
= o +y ay2 nyaxay t=2C08 2 5in
o%u  , 0% _ %
25 % 2____
= x 52 +y 6y2 aay =sin 24 (2cos 24— 1)
242 2 2
x“0°u 0“u 20%u .
= 502 +2xy6x6y+-y 6y2 =sin 4u —sin 2u
2 o%u du 2 d%u _
x°—5+2xy +y° —>=2cosusinu Hence Proved
axz axay 6y2

Q. 4. (a) Find the dimension of the rectangular box, open at the top, of maximum capacity whose
surface is 432 sq. cm.

Ans. Let x, y, z be the length, breadth & helght respectively. Let S be the given surface and V be the
velocily or capacity.

S=xy+2z+2yz=432
f(x,y,2)V=xyz (D
$(x,y,2)=xy+2yz+2x-432=0 -(2)
Consider Lagrange’s function
F(x,y,z)=xyz + A (xy+ 2yz + %2x - 432)
For stationary value dF =0
= [y2 +A(y+22)]dx +{xz +A(x + 2 )] dy +[xy+A(2y+ 2x)] dz=
yz+d (y+2)=0 ‘ -(3)
xZ+A(x+2)=0 ()
xy+A 2y+2x)=0 _ (5
Multiplying equation (3) by x and equation (4) by y and subtracting, we get
ZA(x—y)=0 = x=y
Multiplying equation (4) by y, equation (5) by z and subtracting, we get
A (y~22)=0 = y=2%
x=y=2
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From equation (2)
X-x+x-x+x-x=432
32 =432 = x? =144
x=12 y=12 z=06
Hence the dimensions of the box are 12 ¢cm, 12 ¢m, 6 cm.
Q. 4. (b) Prove that

T Yog (1+sin x cosx)
[
0 cosx

T .
log(1+sin a(cos x
Ans. Here F(a)=_‘. g cosx( )dx=na

d " log(1+sinacos x)
—_ j dx

{o cos x
g

_n _8_ log(1+sina cos.x)

= dx
0 oo Cos X

1 (cosacosx)

n
, (')((Hsinacosx) cosx

——d

% cosa
('! 1+sinacosx
Part-B
Q. 5. (a) Find the surface of the solid formed by revolving the cardioid r = a (1+ cos 8) about the
initial line.

Ans. Since the upper and the lower halves of the cardioid generate the same volume, we consider the
revolution of the upper half only for which r varies from 0 to (i—cos 6) and 6 varies from 0 to

Required volume of revolution
: n  a(l-cosb)
=2n [ [ r?sin0drdo
0

Yz {I- cose)
Jy

2n
=—3—j sin 8> (1-cos0)® do
0

2na’” 3 .
=" f()—cosB) sin 8 4B
0
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2 a’ r(l—cos 6)4_.}[“ T a’

_ 4
3 3 ] 6 {l-cosm)
0
3
ma i 8 3
= z =
6 37

Q. 5. (b) Find by double integration the area lying inside the circle r =a sin 0 and outside the

cardioid r=a (1 - cos0).
Ans. Eliminating r between the cquation of two curves, sin 6=1-cos 8 or cos 8+sin 9 =1

Equaticn i+sin 0=1 or sin 20=0 .
=0 o =«
n
6=0 or 3
For the rugirised area, r varies from a (1-cos 6)to a sin 8 and 6 varies from 0 to %
By Area
O=n/2

r=a(l-cos0)

r=asind
0=0 T X

n,2 asin®
= J rdr do

0 a(1-cos0)

w2 2\asin@
= (52-) a9

0 \ )a(l—cose)

L 4

n'2
I a? [sin2 06— (1-cos G)Z]de
0

N =

[
H
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5. = taj Evaluate the following integral by changing to spherical co-ordinates :

j
0
\ Ans. The region of integration is bounded by

z=0, z=\/1—x2 ~y2 (i.e.,x2+y2 +zz=l)

x=0,

x=1
y=0, yz\ll—xz (i.e.,)c2 +y2=l)

2

\'1—x2 \‘jl~x _y?

D ey
{ 'i
- |
L
i |
<
[ S
I
&~
(]

0

which is volume of the sphere x* + y2 +z2 =1is the positive octant.

Changing to spherical polar co-ordinates by putting x =r sin 6cos ¢, y=r sin9sin ¢,z =r cos 0
Sothat x2 -\‘—y2 +2% =r?

For the volume of sphere x: + ‘v“‘ +12 ={ in the positive octant, r varies from 0 to 1, 8 varies from 0 to
n B
3 and ¢ varies from 0 to >

Replacing ¢z dy dx by r 2 sin@drdo dd , required

”‘ o7 sin O di dO dg
[:~ k] ! T
0 00 \/l"z
7/2 7,2 1 I-(1- 2
_j jj sin © dr d® d§
0 00 I-r

21
JJ JT ‘/ 1-r2 |sin O dr d0 d¢

. 1

72 7n2 [- a r l_r2 1 ) -]
= | [ sinelsin™ r—| = ——a+=sin"' r || d0d¢

2 "2
6 0 .
\ 0

n/2m 2
= f [ sin 6[2——11}11611«1;

] 2722

/2 n/2
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Q. 6. (b) Prove that

X =
\/1—-\”4 1+x4 42
1 ) 1
x~ dx dx
Ans. _f XJ'
Now i[ x2 dx "fj? Sinex cos 6 . rPuttin ? gin®. d cos 640
= X = A Ix =
0 yi1-x* 5 058 2ysin® L .g 2 Jsin6 J
= j(szne) ~do
0
P73
=330 ,
(300 3 1)
T 1 t !
RS, [\_4.'r(°
b { Y e C o
R T RS o g T = tan 9, dr ==
5 \//H»x4 é Z/E‘_esege e , dx 2thl10 J
4,2 n2
1™ de 1" "
o — —e e P d
2 6‘. Jsin=20 242 (! sin""“ ¢ d¢
. | N
[Putting V=9, de__..id‘b }
(1)
Ta27\42
()
L\ Y
T442 T(34)
! x dx dx I l 2 n .
= F_)) =—— :
g l-x4x6[ \/1+x4 4&(( 2 a2 Hence proved

Q. 7. (a) Find the directional derivative of ¢ =x? yz-+ 4xz? at the point (1,-2,-1)inthe directlon
of vector 2i — j —2k.
Ans. d&axzyz+4xz2

Ad =i ?—w %‘bwk@
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=7 (2xyz + 8xz)+ ) (x22)+ £ (x2v+ 8xz)
=T 2D EDEDHBM N+ (CD+E(-2+8(=1)
A (1— 2.1y =i (4-8)] - 10k '
Ap=—47 —j— 10k
If 7 is a unit vector in the direction of 2/ — j - 2k

A —j-2k
Then e

Directional derivative of [ in the direction of i is

S (-d4i -] -10F)(2F -] -24)
2

-

1 13
== (-8+1+20)=—
3 3

Q7.0 If f=(x>+ y2 +z2)™", find div grad f and determine n if div grad f =0.
Ans. f:(x2 +_v2 gt y "
Find div. grad f

LT
grad f =i ax+j 6y+k83

sTonx?4y? 42 )Y x4 fem (2t 422y

+k (—-n)()f2 +y2 4z° )nﬁl WA
2nx

R 2ny a 2nz A
= i — J——5 55
(x2 +)’2 +Z2 )n+] (x2 +y2 +Z2 )n+l (XZ +y2 +Z2 )n+1

di ih 5'( ~2nx 0 —2ny
= + -
iv (gra x (e +y2 422 Y ) v\ (x2 42 422y

o ~2nz

+— -
azK(XZ +_V2 +22 )H+|J
a ( ~-2nx \ 6 2 2 2—(n+l)
= =2 +y? +
Bx k(x2+y2 +zz)n+|) Jx '[X(x yo+z ]

==2n [x (~(r+1)(x% +y? +22’)*"—2 2+ (x2 +y? 422 )("H)]

==2n [2\-2 - l)('l+l)(x2 _yZ +22 )—(n+2)

+(x2+y2 +z2 )—(n+l)] 1)
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Similarly

6( —2ny \ 2 7222 2,2 ;
— ==2n[-2 (x° +y“+z7) (+2) (k% 4y +22 - (1) (2
Q"\(Xz +y2 +22 )n+l) [-2v" () y ( ) ) ] 03]

0 ( —-2nz \ 2 2 b) 2 \—(

A ot S N, 7Y g n2) 2 2, 2 - (nth)

Py \(xz +y2 +22 )n+l) 2n[-2% (,H,])(.X +yv© +2Z ) +{(x" +y~ +2z ) ] ..(3)
MH+@+0G)

"2"[‘2(n+l)(x2 +y2 +22 )-('H'Z) (x2 +y2 +22 )+3(x2 +y2 +12 )—(n+l)]
a2y 230N

~m[-2 (n+ l)r-2n—4+2 + 3’,—211—2 |

TR VS

-2 [r—z"_“2 (-2-2n+3)] '
— 20 20D (12 2n}=0
When div (grad )=0

n=0, n=12
Q. 8. (a) Verify G_reen’s theorem for

[ (3x-8y? 1dx+{4y - 6xy)dy
C

where C is the boundary of the region bounded by x = 0,y=0andx+y=1

Ans. Here [f (GN BM] ixd
ns. Here e |dx dy
S ox Oy

Here M =3x? —-8y2, N=4y—0xy
oM 16 N _ 6
oy ax

oN oM _ '
o dy Y

(0,0) y=0 (.0
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1 1-x

ON ON '
= (—-——)dxdy-j | 10y dyax
R 0 0
1 .
={ 50?5~ &
0
,
=5 (1-x)? dx
0
1
Ja-0) s
T
Along OA, y=0 .. dy=0and limits of x are from O to |
1
" Line integral along 0A=j u? dx=[x3]})
-0
Along AB, y=1-x s dy=-dxand limits of x from 1 to 0

0
", Line integral alongAB:j [3x2 - 8(1-x)? }dx+[4 (1~ x)~ 6x (1~ x) (~ dx)]

(3x2 —8+16x~8x% —4+4x +6x~6x2 )dx

(~12+26x-11x? ) dx

._._ S e O —

1
=(=12¢+13x2 -3 3y =93

Along BO,x=0 . dx=0and limit of y are from 1 to 0

4]
Line integral along BO = I 4ydy=-2
1

8
Line integral along C = I+-§ -2= 3

ie,  § Mdx+Ndy=5/3

The equality of equations (1) and (2) verifies Green’s theorem in plane.

(1)

(2)

s i -> 2 2 4 N ’
Q. 8. (b) Evaluate (; F.dr by Stoke’s Theorem, where F=y° i+x* j-(x+ 2k and C is the

boundary of triangle with vertices at (0, 0, 0), (1, 0, 0) and (1, 1, 0).

Ans. Since z-coordinates of each vertex of the triangle is zero, therefore, the triangle lies in the xy plane

and A=k
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- o3 ~

- ] J k . .

curl F=p/ox 8/dy 08/0z |=J+2(x—y)k
y2 x2 —(x+2

Ya

B1.1)

Y

o A (1='0)

lsd ~ A ~
curl F-ﬁ=[j +2(x—y)k]- k
=2(x-y)
The equation of the line OB is y=x

- > -
By Stoke’s theorem Cj F-dr= H curl F-Aads
C S

2(x-y)dydx

S ™

il
Sty — = O D —
N
3
1

<o

—

=
&

I
8}
S —
—
o
¥
|

=
N——
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